Introduction.
In the 90's Klaus Altmann studied deformations of affine toric varieties in a series of papers (see [Al1] - [Al5] ). His main construction in [Al2] combinatorially described the situation when one affine toric variety is embedded in a higher dimensional affine toric variety as a complete intersection. The embedding of an affine toric variety associated with a convex cone σ corresponds to a Minkowski sum decomposition of a polyhedral slice of σ, which is obtained as an intersection of the cone σ with a hyperplane. There is a natural grading on the coordinate ring of of the ambient affine toric variety coming from a projection of one lattice onto another one, and the equations of the complete intersection were assumed to have the same degree with respect to this grading. This is why the deformations of these complete intersections were called "homogeneous" deformations of the affine toric variety in [Al2] . Altmann's work with some insight from a question of Bernd Sturmfels was ingenious to realize that Minkowski sums of polyhedra are related to deformations of affine toric varieties. However, homogeneous deformations of an affine toric variety in [Al2] did not produce all the unobstructed directions of the infinitesimal space of deformations of the toric variety by Kodaira-Spencer map. A later construction in [Al5] was supposed (we assume) to produce deformations so that infinitesimally they will span all the unobstructed deformations, but that construction was "non-toric".
In the present paper we first generalized Altmann's construction of deformations of an affine toric variety as complete intersections in another affine toric variety using homogeneous coordinates due to David Cox (see [C] ). We expect that by Kodaira-Spencer map they should span all the unobstructed directions of the infinitesimal space of deformations. Altmann's "homogeneous" toric deformations are described by complete intersections where all the defining equations have the same degree using the usual definition of degrees of homogeneous coordinates from [C] . This allowed us to extend the construction of deformations to arbitrary toric varieties by introducing Minkowski sum decompositions of polyhedral complexes. Our previous construction of deformations of blow ups of Fano toric varieties in [M1, M2] is a particular case of the current one.
As it was outlined in our previous work [M2] , we expect that all unobstructed deformations of Calabi-Yau complete intersections in toric varieties must be realized as complete intersections in higher dimensional toric varieties. Since for Calabi-Yau hypersurfaces these deformations were induced by deformations of the ambient toric varieties, which were also realized by complete intersections in higher dimensional toric varieties, this motivated our study of deformations of toric varieties.
When we first learned about Altmann's work in 2004 from a referee to [M1] , his work seemed like a completely different story and we did not study it for a while. But then we realized that we should combine deformations of affine toric varieties with the deformations arising from regluing of affine toric charts similar to the construction of [M1] . It is not easy if not possible to describe deformations of abstract algebraic varieties via regluing of affine open charts. So, a more common approach is to embed a given variety into another one as a complete intersection and then deform the defining equations as it was done in [M2] and [Al2] . This approach is also not easy as many such embeddings will only lead to trivial deformations, and a priori we do not know which embedding will lead to nontrivial ones. However, the similarity of the construction of [M2] , which was obtained through working out some examples of deformations of Calabi-Yau hypersurfaces in weighted projective spaces similar to [COFKM] , and Altmann's construction in [Al2] has led us to finding some compatible language, which turned out to be via the homogeneous coordinates of toric varieties. This explains why we had to redo everything in [Al2] in terms of homogeneous coordinates.
It is not common to use homogeneous coordinates on affine toric varieties, but this approach produced more deformations of affine toric varieties than Altmann's construction. Namely, we found deformations of an affine toric variety realized as complete intersections in another affine toric variety but the defining equations are in terms of homogeneous coordinates, and, in general, the embedded variety is not a complete intersection in terms of affine coordinate functions. This feature is very similar to the situation of a non-Cartier hypersurface in a weighted projective space. Globally it is given by one equation, and so it is a complete intersection in homogeneous coordinates even if we restrict to an affine open chart of the ambient space. However, since the degree is non-Cartier, the restriction of the hypersurface to some affine chart is not a complete intersection in terms of the coordinate functions of the chart. After the generalization of Altmann's construction for affine toric varieties, we just needed to translate our fan construction (which made the embedding) from [M2] into the language of Minkowski sums in order to obtain a more general construction via Minkowski sum decompositions of polyhedral complexes.
This preprint is a work in progress.
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Deformations of affine toric varieties.
First, let us describe the construction of Altmann after some modification. Let N be a lattice and M be its dual lattice. An affine toric variety X σ = Spec(C[σ ∨ ∩M ]) corresponds to a rational convex polyhedral cone σ ⊂ N R with apex at 0, where σ ∨ is the dual cone. We will view elements of the semigroup ring as finite sums
where a m ∈ C are complex coefficients and χ m are elements of the ring corresponding to lattice points m. Take R ∈ σ ∨ ∩ M and let
(the slice of σ in the hyperplane). Let σ(R) c be the compact part of the polyhedra σ(R). This is just the convex hull of the vertices of the possibly unbounded polyhedra. Then decompose σ(R) c = Q 0 + Q 1 + · · · + Q k into a Minkowski sum of polytopes such that the following two conditions are satisfied: ( * ) the induced decomposition of a vertex of σ(R)
into the sum of vertices of Q 0 , Q 1 , . . . , Q k has all but possibly one of the summands vert(Q 0 ), vert(Q 1 ), . . . , vert(Q k ) being lattice points, (the induced decomposition of a vertex is unique and if σ(R) c is a lattice polytope, then the last condition means that all Q 0 , Q 1 , . . . , Q k are lattice polytopes as well.) ( * * ) Q 0 ⊂ {n ∈ N R | R, n = 1}, Q i ⊂ {n ∈ N R | R, n = 0}. Consider the latticeÑ = N ⊕ Z k denoting by {e 1 , . . . , e k } the standard basis for the second summand Z k . The dual lattice is thenM = M ⊕ Z k . Let {e * 1 , . . . , e * k } be the dual to {e 1 , . . . , e k } basis for the second component. Let the conẽ
inÑ R be generated by the indicated sets. The inclusion of cones σ ⊂σ induces a ring homomorphism
Proof. This ring homomorphism is induced by the natural projection of lattices M = M ⊕ Z k → M and it is sufficient to show that the map of the semigroups σ ∨ ∩M → σ ∨ ∩ M is surjective. Let s ∈ σ ∨ ∩ M and denote by min s, Q i the minimal value of vector s on polytope Q i (this is the same as the value of the support function of polytope Q i on vector s as defined in [F, p. 68] 
is inσ ∨ ∩M , whence the statement follows. We can check this claim on the generators ofσ. If n ∈ σ, then s,
The last equality is true because all but possibly one of min s, Q i are integers by the condition ( * ) on the Minkowski decomposition and the sum of support functions of polytopes is the support function of the sum of polytopes.
Remark 2.
2. An analog of this Lemma in a complicated setting was proved in (4.1.1) in [Al2, p. 162] but we found this elegant proof of it.
The above lemma tells us that we have an embedding of the toric varieties X σ ֒→ Xσ. The next one shows the defining equations.
is a complete intersection generated by the regular sequence χ
Proof. While our setting is slightly different from that of Altmann, the proof of this result is essentially the same as in [Al2, and we will repeat it in Proposition 2.6 generalizing this result. The regularity of the sequence follows from the fact that this is a complete intersection given by "homogeneous" elements where degree is induced by the natural projection deg :M → M , so that deg(χ
Remark 2.4. Condition ( * * ) on the Minkowski sum decomposition was necessary only to fix the defining equations of X σ inside Xσ. It was used to present the construction in [Al5] . If we drop this condition, we worked out that R must be
R, Q i e * i in the equations. Note that in this case, for i = 0,
These are the same equalities if we left condition ( * * ) and used
For the sake of simplicity we will keep condition ( * * ) in this section and also in Section 4.
Thus we have our toric variety X σ embedded into another toric variety Xσ as a complete intersection given by χ R+e * j − χ R for j = 1, . . . , k. A k-parameter embedded deformation of X σ corresponds to the following natural diagram:
where the deformation family X in Xσ ×C k is given by χ
Remark 2.5. In [Al2, Al5] , the deformation family of Xσ was described differently by the map Xσ → C k given by the values of the functions (χ
R ) with the special fiber over the origin isomorphic to X σ . But the total space Xσ of this family is isomorphic to the above X .
By using homogeneous coordinates on the affine toric variety we found the following generalization of Altmann's deformations of X σ using an arbitrary R ∈ M . As we described the above construction, notice that there is no problem to proceed with the construction ofσ even if R ∈ σ ∨ ∩ M . We still get the embedding X σ ֒→ Xσ. But the image will no longer be a complete intersection in terms of affine functions on Xσ unless there is another
, which is not possible for singular X σ . We also note that χ R , χ
R+e * k will not be functions on Xσ if R ∈ σ ∨ ∩ M . The crucial idea to generalize Altmann's construction is to use the categorical quotient presentation of a toric variety from the work [C] of David Cox. For an affine toric variety we have presentation
where l is the number of edges of the coneσ and x 1 , . . . , x l are the corresponding homogeneous coordinates of the the affine toric variety Xσ, and the group
where v j is the primitive lattice generator of the edge ofσ corresponding to x j , acts on C l by multiplication. On the level of rings this corresponds to isomorphism
. In the future we will denote the last monomial by
Proposition 2.6. There is a natural ring isomorphism
where the ideal I is generated by (x
It is easy to find that the ideal I ′ is generated by binomials:
Now consider a ring homomorphism φ :
Now we have to go along the steps of [Al2, . Suppose r, s ∈σ ∨ ∩M and
which is inσ ∨ ∩M by an easy check restricting one of the presentations of q to the generators of the coneσ. Hence,
Hence, we get x r − x s ∈ I, showing that these lie in ker(φ). The other inclusion can be shown straightforward.
The above proposition means
Corollary 2.7. Affine toric variety X σ is embedded into toric variety Xσ as a complete intersection given by (x
Remark 2.8. If R is not in σ ∨ ∩ M , the ideal I ′ defining X σ in Xσ need not be a complete intersection, but using homogeneous coordinates we can still represent our toric variety X σ as a complete intersection in Xσ, providing us more opportunities to deform the affine toric variety.
Remark 2.9. The binomial (x
is actually independent of R, i.e., for different R's giving the same compact part σ(R) c of the slice we get the same binomial. To see this note that the positive powers of x j in this binomial appear for v j that are multiples of vertices of Q 0 − e 1 − · · · − e k and Q i + e i . In particular, we have (x
where the exponents are the "distances" of the lattice points v j with respect to e * i from the linear subspace N insideÑ .
The k-parameter embedded deformation of X σ in Xσ corresponds to the same diagram as in (2) but given by the equations in homogeneous coordinates:
for i = 1, . . . , k. This deformation family we again denote by X and since it depends on the lattice point R ∈ M and the Minkowski sum decomposition σ(R) c = Q 0 + Q 1 + · · · + Q k of its slice we will often refer to this family as X R,Q0,Q1,...,Q k .
Remark 2.10. There was a construction of deformations in (3.5) of [Al5] using an arbitrary R ∈ M , but the ambient space of the deformation was not a toric variety.
Next we compute the Kodaira-Spencer map for the family X R,Q0,Q1,...,Q k . The space T 1 Xσ of infinitesimal deformations of X σ was calculated by K. Altmann in [Al1] . It is M -graded:
where the graded piece can be described as follows. Let a 1 , . . . , a N be the primitive lattice generators of edges of σ and S = {s 1 , . . . , s w } be the set of generators of
where L(. . . ) denotes the R-vector space of linear dependencies of the corresponding subset. All of the vector spaces L(. . . ) in the formula are naturally embedded into L(S), whose elements can be represented by the w-tuples of real coefficients of the relations.
Theorem 2.11. For the family X R,Q0,Q1,...,Q k → C k , the Kodaira-spencer map
sends the basis vector ∂/∂λ i to the element in T 1 Xσ (−R) induced by the map
Proof. Classification of infinitesimal deformations of an affine algebraic variety is well described in [E] . We will follow its procedure, however computation of the Kodaira-spencer map in the case R ∈ σ ∨ ∩ M was done in [Al1, ] with a slightly different description.
Without loss of generality, assume i = 1. By [H, p. 80 ] the tangent vector ∂/∂λ 1 to C k at 0 corresponds to the ring homomorphism
, assigning λ 1 → ε, λ i → 0, for i = 1. By the base change the infinitesimal deformation of X σ corresponding to ∂/∂λ 1 is the family
). The first step to classify this infinitesimal deformation is to present it as an embedded infinitesimal deformation in an affine space. For this reason embed X σ in the affine space C w by the surjective ring homomorphism
, where ideal I ε is generated by (x
and by (x 
sending z j to the coset of xs j , whose kernel we denote byJ. From [E, p. 178] we know thatJ/Jε corresponds to the graph of a homomorphism
representing an element of
In practice, we take a binomial generator z a − z b of ideal J, where a = (a 1 , . . . , a w ), 
where without losing generality we assume
Dividing this element by ε and mapping byÃ 
This follows from the equation
as in the proof of Lemma 2.1, and also from the fact that for c j = 0 we have [[min s j , σ(R) c ]] = 0 because the minimum of s j occurs at one of the vertices of σ(R) c of the form a l / R, a l for R, a l = 0, as noticed in [Al5] , and for which s j , a l < R, a l by the definition of S R l containing s j . Similar to Proposition in [Al2, p. 172] we get a criterion when the deformation family has a non-trivial Kodaira-Spencer map, which implies a non-trivial deformation.
Corollary 2.13. For the family X R,Q0,Q1,...,Q k → C k , the Kodaira-Spencer map
is trivial if and only if all polytopes Q 0 , Q 1 , . . . , Q k are homothetic to σ(R) c and either σ(R) c is a lattice polytope or k of the summands Q 0 , Q 1 , . . . , Q k are lattice points.
Proof. As in [S] , polytopes P and Q in N R are homothetic if Q = δ · P + n for some δ > 0 and n ∈ N R . Suppose Q i = δ i · σ(R) c + n i for some δ i > 0 and
c is a lattice polytope, then its every Minkowski summand is so by the condition (b) on the Minkowski sum decomposition. Hence, c j s j = 0 because for c j = 0 we have min s j , σ(R) c = 0 as in Remark 2.12. Thus, by Theorem 2.11, the Kodaira-Spencer map ρ 0 is trivial. If Q i = n i is a lattice point, we again get
Using Remark 2.12, we conclude that k of the vectors ∂/∂λ 1 , . . . , ∂/∂λ k , − 
whence min s j , Q i are integers by the condition (b) on the Minkowski sum decomposition. Therefore, we get stricter condition min s j , Q i − n i = 0 for s j that were normals to the facets of σ(R) c . Since Q i + n i is a Minkowski summand of σ(R) c in a parallel hyperplane, the normals to its facets are among those for σ(R) c and it follows that Q i − n i must be a multiple of σ(R) c . Thus,
c is a lattice polytope, then we are done. Suppose a l / R, a l is a non-lattice vertex of σ(R) c , or equivalently R, a l > 1. Since S is generating σ ∨ ∩ M , there is always s j such that s j , a l = 1. Then s j ∈ S R l and s j , n i is an integer by the above. Now the Minkowski sum decomposition σ(R)
into the sum of vertices of Q 0 , Q 1 , . . . , Q k . By the condition (b) on this decomposition only one of the summands can be non-lattice. But if δ i a l R,a l + n i is a lattice point then
is an integer which can happen only if δ i = 0 implying Q i = n i is a lattice point.
Minkowski sum decompositions of polyhedral complexes.
In order to generalize the construction of deformations of affine toric varieties we were forced to introduce the notion of a Minkowski sum decomposition of a polyhedral complex. We discovered this notion in 2007 and to the best of our knowledge it was never explicitly defined in any previously published work. In the next section we will see that this notion is very important for deformations of arbitrary toric varieties A polyhedral complex in a real vector space is a collection of polyhedra such that the intersection of any two polyhedra in the complex must be a face of each. By a Minkowski sum decomposition of a polyhedral complex we mean a Minkowski sum decomposition of each polyhedra in the complex such that for any two different intersecting polyhedra P and S of the complex the decompositions P = P 1 +· · ·+P n and S = S 1 + · · · + S n induce compatible decompositions on their common face P ∩ S.
Example 3.1. Consider the polyhedral complex obtained by subdividing a line segment in N R by points n 1 , . . . , n k : n 1 r r r r r r n 2 p p p n k−1 n k A polyhedra in this complex is a line segment [n i , n i+1 ], which is also the convex hull of its vertices. We decompose them as follows:
where by 0 we denoted the origin point in N R . Note that each vertex n i has the same induced decomposition from the nearby line segments. Thus, we have a Minkowski sum decomposition of the polyhedral complex.
Example 3.2. Another, less trivial example, of a Minkowski sum decomposition of a polyhedral complex comes from the skeleton of a reflexive polytope. Consider the convex hull of points (−1, −1), (2, −1), (−1, 2) in R 2 . This is the dual of of the reflexive polytope coming from the fan of P 2 . Subdividing the skeleton of this reflexive polytope by the lattice points n 1 , . . . , n 7 inside its edges we obtain the following polyhedral complex. 
Here is a nontrivial Minkowski sum decompostion of this complex:
4. Generalization of deformations for arbitrary toric varieties.
In this section we generalize the construction from Section 2 to the case of an arbitrary toric variety X Σ associated to a fan Σ in N R .
First, we do a simple case starting with one R ∈ M . The intersection of cones of the fan Σ with the hyperplane {n ∈ N R | R, n = 1} forms a polyhedral complex consisting of polyhedra σ(R) = σ ∩ {n ∈ N R | R, n = 1} for σ ∈ Σ. By taking the compact parts σ(R) c of these polyhedra we again get a polyhedral complex, Proof. Since the embedding property of varieties can be checked locally, from Lemma 2.1 we get the embedding part of the statement.
To show the second part it is sufficient to show that locally for each affine toric variety Xσ ⊂ XΣ the given equations induce the same equations as in Corollary 2.7, which determine X σ in Xσ. From [C] , we know that In this section we will show how to combine the constructed deformation families in the case of a Fano toric variety.
A Fano toric variety corresponds to a reflexive polytope ∆ and has a (normal) fan whose cones are generated by the proper faces of the dual polytope ∆ * = {n ∈ N R | m, n ≥ −1 ∀ m ∈ ∆}.
We will denote this fan Σ ∆ . Now for those R ∈ M such that u = −R is in the interior of a face Γ of ∆, the compact part Σ ∆ (R) c of the polyhedral complex obtained by intersecting the fan Σ ∆ with the hyperplane {n ∈ N R | R, n = 1} consists of the faces of the dual face k + e k inÑ R for each σ Γ ∈ Σ ∆ , where σ Γ is the cone generated by Γ * . These conesσ Γ form a fan which we denoteΣ ∆ .
Following the proof of Theorem 4.2 we get Theorem 6.1. Associated to the map of fans Σ ∆ →Σ ∆ , the map between toric varieties X Σ∆ → XΣ ∆ is an embedding, whose image is a complete intersection given by the equations If l(∆) denotes the number of lattice points in the reflexive polytope ∆, then we
